Splittable Lie Groups and Lie Algebras  by Wüstner, Michael
Journal of Algebra 226, 202215 (2000)
doi:10.1006/jabr.1999.8162, available online at http://www.idealibrary.com on
Splittable Lie Groups and Lie Algebras
Michael Wu¨stner
Fachbereich Mathematik, Technische Universita¨t Darmstadt, Schlogartenstrae 7,
64289 Darmstadt, Germany
Communicated by Robert Steinberg
Received September 21, 1999
We show that each Mal’cev splittable -Lie algebra ˙ (i.e., each -Lie algebra
where ad˙ is splittable) with char  = 0 may be realized as a splittable subalge-
bra of a glV , where V is a nite-dimensional vector space over , and that each
Mal’cev splittable analytic subgroup of a GLn;, i.e., each subgroup whose Lie
algebra is Mal’cev splittable, can be realized as an analytic splittable subgroup of
a GLm;. Finally these results are applied to establish a necessary and suf-
cient condition for the exponential function of a Mal’cev splittable Lie group to be
surjective. ' 2000 Academic Press
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Let V be a nite-dimensional vector space over a eld  of character-
istic 0. A Lie algebra ˙ ⊆ glV  is called splittable if, for each element
x ∈ ˙, both the semisimple part xs and the nilpotent part xn of the addi-
tive Jordan decomposition are also contained in ˙. Similarly, a subgroup G
of GLV  is called splittable if, for each g ∈ G, both the semisimple part gs
and the unipotent part gu of the multiplicative Jordan decomposition are
contained in G. Note that for a semisimple (unipotent) element g ∈ G the
image Adg is also semisimple (unipotent), but not vice versa, and simi-
larly for Lie algebras. In particular, if g = gsgu is the Jordan decomposition,
then Adgs = Adgs and Adgu = Adgu. In Lie algebras, the corre-
sponding assertion also holds. One can nd basic results on splittable Lie
algebras in Section VII.5 of [2]. The fact that one can only speak of split-
table Lie groups or Lie algebras with respect to a realization in a GLV 
(resp. glV ) suggests a generalization. This is the concept of Mal’cev split-
tability (see Denition 1.6). Mal’cev splittable Lie algebras were introduced
by I. A. Mal’cev ([5]) and characterized by L. Auslander and J. Brezin in [1].
In the following we will show that the Lie algebras which are isomorphic
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to splittable Lie algebras in glV ’s are exactly the Mal’cev splittable ones.
The advantage of this concept is that one can decide on the basis of the
abstract structure of a Lie algebra alone whether it is Mal’cev splittable or
not. Thus this concept is much more natural then considering splittable sub-
algebras of a glV . A Lie group is called Mal’cev splittable if its Lie algebra
is Mal’cev splittable. We will also establish the corresponding proposition
between real splittable analytic subgroups of a Gln; and linear Mal’cev
splittable Lie groups.
Lie groups with surjective exponential functions and with Lie algebras
being splittable in some gln;’s were characterized in [9]. We now for-
mulate this criterion in an abstract form, using the concept of Mal’cev split-
tability so that it ts much better into the general context of the problem
for Lie groups with surjective exponential function (called exponential Lie
groups).
1. SPLITTABLE LIE ALGEBRAS
We start with some results of [2] which we will use in the following.
1.1. Lemma. Let ˙ ⊆ glV .
(i) If ˙ is a Lie algebra generated by elements which are semisimple or
nilpotent, then ˙ is splittable.
(ii) If ˙ is a Lie algebra generated by splittable subalgebras, then ˙ is
itself splittable.
(iii) The commutator algebra ˙′ is splittable.
Proof. (i) See VII.5.5, Theoreme 1 of [2].
(ii) See VII.5.5, Corollaire 1 of Theoreme 1 of [2].
(iii) See VII.5.5, Corollaire 2 of Theoreme 1 of [2].
1.2. Theorem. For a Lie algebra ˙ ⊆ glV  the following statements are
equivalent:
(i) ˙ is splittable.
(ii) All Cartan subalgebras of ˙ are splittable.
(iii) ˙ possesses a splittable Cartan subalgebra.
(iv) The radical of ˙ is splittable.
Proof. See Theoreme 2 of VII.5.5 of [2].
1.3. Lemma. If ad˙ is splittable in gl˙, then for each x ∈ ˙ there are
xs; xn ∈ ˙ such that xs; xn = 0, adxs = adxs, and adxn = adxn.
Moreover, there is a z ∈ Ú such that x = xs + xn + z.
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Proof. Since ad˙ is splittable, we nd xs; xn ∈ ˙ such that adxs =
adxs and adxn = adxn. Moreover, adxs; adxn is equal to 0.
Hence adxs; xn = 0, i.e., xs; xn ∈ Ú. Thus adxs2xn = 0, i.e., xn is
contained in the nilspace of adxs. Since adxs is semisimple, we get
xs; xn = 0. Since adx = adxs + xn, the last assertion follows.
1.4. Lemma. Let ˙ ⊆ glV  be a Lie algebra. Then ˙ contains a unique
maximal splittable ideal ` containing ˙′. Each semisimple or nilpotent element
of ˙ is in `.
Proof. Let ´ and ˆ be splittable ideals. By Lemma 1.1 (ii), ´+ ˆ is also
a splittable ideal. Thus there exists a unique maximal splittable ideal `. By
Lemma 1.1 (iii) we know that the commutator algebra ˙′ is splittable and,
moreover, it is an ideal. Hence, ˙′ is contained in `. If x ∈ ˙ is semisimple
or nilpotent, then x+ ˙′ is splittable by Lemma 1.1 (ii). Moreover, x+ ˙′
is an ideal, hence x ∈ ` by the maximality of `.
1.5. Theorem. Let ˙ be a Lie algebra and V a nite-dimensional vector
space over the eld  of characteristic 0. Then the following assertions are
equivalent:
(i) ˙ is isomorphic to a splittable Lie algebra in glV .
(ii) ˙ is isomorphic to a subalgebra of glV , and ad˙ is splittable
in gl˙.
Proof. (i)⇒(ii) is clear by denition, so we only have to show (ii)⇒(i).
By assumption, ˙ is generated by the set ˝ x= x  ad x semisimple or
nilpotent. We claim that there exists a faithful representation ϕx ˙→ glV 
such that ϕ˙ is splittable. The center Ú splits into Ú∩ ˙′ and a vector space
complement ˆ. We may represent this ˆ by nilpotent elements in any case. So
without loss of generality we may assume that Ú ⊆ ˙′. By Ado’s theorem ˙
has a faithful representation. Thus we may assume that ˙ ⊆ glV . Let ` be
the maximal splittable ideal whose existence was established by Lemma 1.4.
In particular, if x is semisimple or nilpotent, then x ∈ `.
Now assume that y ∈ ˝\`. Assume that ady is semisimple. (The nilpo-
tent case is analogous.) Let y = ys + yn be the Jordan decomposition of y.
Then ady = adys = adys, in particular, yn; ˙ = 0. Now take a vec-
tor space complement Ö of y in ˙ containing `. Dene γx ˙→ glV  by
γαy + v = −αyn with α ∈  and v ∈ Ö. This is a one-dimensional repre-
sentation of ˙ (i.e., codim ker γ = 1) satisfying ` ⊆ ker γ and γy = −yn.
Then γ˙ = yn and γ˙; ˙ = 0. Since y 6∈ `, we know that yn 6∈ ˙.
Thus γ˙ ∩ ˙ = 0. Now we dene ϕx ˙→ glV ; w 7→ w + γw. This
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is a representation of ˙ because of
ϕw; ϕv = w + γw; v + γv
= w; v + γw; v + w;γv + γw; γv
= w; v + γw; v = ϕw; v:
If ϕw = ϕv, we get w + γw = v + γv. Hence w − v = γv − w ∈
˙∩yn = 0. Thus w = v and hence ϕ is faithful. Moreover, ϕ` = id and
ϕy = ys. Thus the maximal splittable ideal of ϕ˙ contains ϕ`+ϕy.
By induction on the dimension of the maximal splittable ideal, we get the
assertion.
1.6. Deninition. A Lie algebra ˙ is said to be Mal’cev splittable if it
admits a decomposition of the form ˙ ∼= Ó+ Ô+ ˛, where Ó is a Levi factor,
˛ is the nilradical (i.e., the maximal nilpotent ideal), and Ô is an abelian
subalgebra consisting of only ad-semisimple elements such that Ó; Ô = 0.
A Lie group G is said to be Mal’cev splittable if its Lie algebra is Mal’cev
splittable.
1.7. Lemma. If ˙ is the semidirect product of a Lie algebra Ò reductive in
˙ and an ad-nilpotent ideal ˛, it is isomorphic to a splittable Lie algebra in
some glV .
Proof. Since Ò is reductive in ˙, the adjoint Lie algebra adÒ is reduc-
tive, and its radical is abelian consisting only of semisimple elements. Hence
adÒ is splittable in gl˙ by Lemma 1.1 (ii) and Theorem 1.2. On the other
hand, as a Lie algebra consisting only of nilpotent elements ad˛ is split-
table in gl˙. Thus by Lemma 1.1 (ii), ad˙ = adÒ + ad˛ is splittable
in gl˙. By Theorem 1.5, ˙ is isomorphic to a splittable Lie algebra in some
glV .
1.8. Theorem. The following statements are equivalent:
(i) ˙ is isomorphic to a splittable Lie algebra in some glV .
(ii) ˙ is Mal’cev splittable.
(iii) ˙ is the semidirect sum of a subalgebra reductive in ˙ and a nilpo-
tent ideal.
Proof. (i)⇔(ii) follows from Theorem 2.2 of [1],
(ii)⇔(iii) is denition.
Note that algebraic subalgebras of a glV  are splittable (Theorem 8
of [5]), but Lie algebras that are splittable in glV  need not be algebraic
subalgebras of glV :
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 t ∈ 

:
This consists of semisimple elements. The one-parameter group G gen-
erated by ˙ is
G x=

et cos t et sin t
−et sin t et cos t

 t ∈ 

:
But this is not an algebraic subgroup of GL2;. Hence ˙ is not an alge-
braic subalgebra of gln;.
2. SPLITTABLE LIE GROUPS
This section contains a description of splittable analytic subgroups of a
Gln;. Note that for each such subgroup G of Gln; its Lie algebra ˙
is the set of all x ∈ gln; satisfying exp x ⊆ G. In the case of analytic
subgroups, i.e., of subgroups generated by Lie algebras, this ts together
with the other denitions.
2.1. Lemma. Let G be a subgroup of GLn;. If G is splittable, then ˙
is splittable in gln;.
Proof. If x ∈ ˙, then expλx ∈ G for all λ ∈ . Moreover, expλx =
expλxs expλxn is the multiplicative Jordan decomposition. Thus, because
G is splittable, expλxs and expλxn are contained in G for all λ ∈ . Hence
xs; xn ∈ ˙.
2.2. Theorem. Let G be an analytic subgroup of a GLn;. Then G is
splittable if and only if ˙ is splittable in gln;.
Proof. One direction is an immediate consequence of the preceding
lemma. For the other direction see Proposition 4.17 of [8].
Let G be a connected Lie group, ˙ its Lie algebra, and ¨ a Cartan sub-




 the root space decomposition of
the complexication ˙ with respect to ¨. The Cartan subgroup with Lie
algebra ¨ is dened as the set of all elements of G leaving all root spaces
˙λ (including ¨) invariant. In Proposition 2.5 of [9] it is proved that all
Ad-semisimple elements are contained in some Cartan subgroup.
2.3. Theorem. Let G be an analytic subgroup of GLn;. Then the
following statements are equivalent:
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(i) G is splittable.
(ii) Each Cartan subgroup is splittable.
(iii) There is a Cartan subgroup H which is splittable.
(iv) RadG is splittable.
Proof. (i)⇒(ii) Let H be a Cartan subgroup, g ∈ H, and g = gsgu
be the multiplicative Jordan decomposition. Since Adgs = Adgs and
Adgu = Adgu, we get Adgu · ˙λ ⊆ ˙λ and Adgs · ˙λ ⊆ ˙λ. Hence
gs; gu ∈ H, and H is splittable. (ii)⇒(iii) is trivial. (iii)⇒(i) follows from
Lemma 2.1, Theorem 1.2, and Theorem 2.2. (i)⇔(iv) is also a consequence
of Theorem 2.2 and Theorem 1.2.
The following is again an immediate consequence of the preceding the-
orem and Theorem 1.2.
2.4. Corollary. Let G be an analytic subgroup of GLn; and H a
Cartan subgroup of G. If H0 is splittable, then H is splittable, and vice versa.
Now we try to get a statement for Lie groups which corresponds to The-
orem 1.5. The following example shows that in general it is not possible to
use the proof of Theorem 1.5.
2.5. Example. We look at the subgroup G of GL4; generated by the
exponential image of the subalgebra ˙ = spanx; y;w of gl4;, where
x =
0BB@
pii 1 0 0
0 pii 0 0
0 0 −pii 0
0 0 0 −pii
1CCA ; y =
0BB@
pii 0 0 0
0 pii 0 0
0 0 −2pii 1




0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
1CCA :
So we get the nontrivial Lie brackets x;w = 2piiw and y;w = 3piiw.
Moreover, ˙ is solvable, and G contains no nontrivial compact sub-
groups, hence is simply connected. If we apply the method of the proof
of Theorem 1.5, we would get a subgroup of GL4; containing a
two-dimensional torus. Therefore, that subgroup is not isomorphic to G.
But, nevertheless, in this case it is no problem in nding a faithful
representation of G in GL4; which is splittable. For this, we consider
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the Lie algebra generated by
x˜ =
0BB@
2pii 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0
1CCA ; y˜ =
0BB@
0 0 0 0
0 −3pii 0 0
0 0 0 0




0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1CCA
and the corresponding analytic subgroup in GL4;.
Obviously, nding this representation is not very canonical. Nevertheless,
if we do not restrict the dimension of V , we can prove the following.
2.6. Lemma. Let G ⊆ GlV  be an analytic subgroup with splittable
ad˙. Let ` be the maximal splittable ideal of ˙. The Lie algebra of each
compact subgroup K of G (with respect to the Lie group topology) consists
only of semisimple elements, hence is contained in the maximal splittable
ideal `.
Proof. If x ∈ ¸ is not semisimple, we can write x = xs + xn with
xs; xn = 0. Thus expλx = expλxs expλxn, and this one-parameter group
is not contained in any compact subgroup of GLV . Since the Lie group
topology is ner than the induced topology, a subgroup of G being com-
pact with respect to the Lie group topology is also compact with respect
to the induced topology. Hence the above one-parameter group is also not
contained in any compact subgroup of G with respect to the Lie group
topology.
2.7. Theorem. Let G be a real connected Lie group. Then the following
assertions are equivalent:
(i) There exists a real vector space W such that G is isomorphic to a
splittable analytic subgroup of GLW .
(ii) There exists a real vector space V such that G is isomorphic to an
analytic subgroup of GLV , and ad˙ is splittable in gl˙.
Proof. We modify the construction in the proof of Theorem 1.5. (i)⇒(ii)
is clear. Assume that (ii) is true. Again we dene by ˝ the set x adx
semisimple or nilpotent, and this set generates ˙. Without loss of gen-
erality we may assume that G ⊆ GlV , hence ˙ ⊆ glV . Let ` be the
maximal splittable ideal of ˙ and y ∈ ˝\`. Now we dene A as the nor-
mal analytic subgroup generated by `. Let 1 6= g ∈ exp y ∩ A. Then
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g = expλys expλyn = gsgu where ys + yn is the additive Jordan decom-
position of y and gsgu is the multiplicative Jordan decomposition of g. In
particular, we get gu = expλyn. By Lemma 1.3 of [9], this implies that
0 6= λyn is contained in `, hence also ys ∈ ˙ and so ys ∈ `, a contradiction.
This implies that exp y ∩A = 1. Let us assume that dimG = dimA+ 1.
Then G ∼= exp ynA.
Case 1. If ady is semisimple and has at least one eigenvalue which is
not contained in i, or if ady is nilpotent, then we dene a represen-
tation ϕx ˙ → glV  as in the proof of Theorem 1.5, i.e., ϕ` = id` and
ϕy = ys (resp. ϕy = yn in the nilpotent case). In the following we con-
sider the semisimple case. The nilpotent case is analogous. We consider the
representation 8 of G in GLV  induced by ϕ: 8expαy · a = expαys · a.
Now assume that expαys · a = expβys · b. Thus expα− βys = a−1b ∈
exp ys ∩A. This set is trivial because otherwise ys ∈ `. This implies a = b
and expα− βys = 1. Since by assumption exp ys is not a circle, we get
α = β. Thus 8 is faithful, and since ϕ˙ = ys + ` is splittable, this is also
true for 8G.
Case 2. If ady is semisimple and spec ady ⊆ i, i.e., if y is a compact
element, we dene ϕ in a different way: Let Ö be a vector space complement
of y containing `. We dene ϕx ˙ → glV  ⊕ gl; ϕαy + v = v +
αys ⊕ α with α ∈  and v ∈ Ö. We get a faithful representation of ˙ in
glW , where W x= V ⊕  and where ϕy is semisimple. Moreover, we
get the following representation 8 of G induced by ϕx 8expαy · a =
expαys · a ⊕ eα. If expαys · a ⊕ eα = expβys · b ⊕ eβ, we get α =
β and hence a = b. So 8 is faithful. Moreover, 8G is splittable because
ϕ˙ is splittable. The assertion of the theorem follows by induction.
We observe that in the case of Lie algebras it was possible to construct
for each splittable subalgebra of glV  an isomorphic Mal’cev splittable
subalgebra in glV . In the case of Lie groups we have constructed for each
splittable subgroup in GLV  an isomorphic Mal’cev splittable subgroup in
some GLW  where the dimension of W in general is bigger then the
dimension of V . It is an open question whether this has only technical
reasons concerning the proof. Nevertheless, all the examples I have checked
suggest the conjecture that there is an isomorphic Mal’cev splittable Lie
group even in GLV , but it is hard to see a systematic way of nding such
an isomorphic subgroup (if it exists).
3. THE EXPONENTIAL FUNCTION
While Ad x G → GL˙ denes the adjoint representation of the Lie
group G as usual, we will denote by Ax AdG → GLad˙ the adjoint
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representation of AdG. In particular, the expression AAdg is well-
dened.
Let G be a Lie group, κx ˙ → ˙, x + iy 7→ x − iy, and g ∈ G. We
dene
˙µAdg x= ˙µAdg ⊕ ˙µ¯◦κ Adg ∩ ˙;
where ˙µAdg is the generalized eigenspace to the eigenvalue
µ ∈  of Adg (compare Denition 8.1.2 of [4]). Similarly, we dene
˙µAdg x= ˙µAdg ⊕ ˙µ¯◦κAdg ∩ ˙, where ˙µAdg
is the eigenspace itself. If x ∈ ˙, then by ZGx we denote the centralizer
of x in G, i.e. g ∈ G  Adgx = x, and by Ú˙x the centralizer of x in
˙, i.e., y ∈ ˙  adyx = 0. Note that this is exactly the Lie algebra of
ZGx.
If G is in addition connected, an element g ∈ G is called regular if
dim ˙1Adg is equal to the rank of ˙. An element x ∈ ˙ is called exp-
regular if the exponential function is regular on x. On the other hand, one
denes regular elements in ˙ as those where ˙0ad x is minimal, i.e., a
Cartan subalgebra.
3.1. Lemma. If G is a Lie group and y ∈ ˙ is exp-regular, then ead yv = v
implies y; v = 0. If g ∈ G is regular and contained in exp ˙, then its preimage
consists only of exp-regular elements which are at the same time regular in ˙.
Proof. This follows from Lemma 2 and Lemma 3 of [3].
For more information on regular and exp-regular elements see, e.g. [3]
and Section 2.3 of [4].
3.2. Lemma. Let G be a connected Lie group and g ∈ G. Then the fol-
lowing statements hold:
(i) ad˙1Adg = ad˙1AAdg.
(ii) g is regular in G if and only if Adg is regular in AdG.
(iii) ad˙1Adg ⊆ ad ˙1AAdg. If in addition g is Ad-
semisimple, then ad˙1Adg = ad˙1AAdg.
(iv) If g ∈ ZGx for some x ∈ ˙, then Adg ∈ ZAdGad x. If
Adg ∈ ZAdGad x is semisimple, then g ∈ ZGx.
(v) Adg is regular if and only if Adgs is regular.
Proof. (i) Let x ∈ ˙ such that adx ∈ ad˙1AAdg. Thus,
there is an n ∈  such that AAdg − idn adx = 0. Because of
AAdg ad x = adAdgx we get adAdg − idnx = 0, hence
Adg − idnx ∈ Ú. This implies Adg − idn+1x = 0, i.e., x ∈ ˙1Adg.
If, on the other hand, x ∈ ˙1Adg, then there is an n ∈  with Adg −
idnx = 0, hence 0 = adAdg − idnx = AAdg − idn adx = 0,
i.e., adx ∈ ad˙1AAdg.
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(ii) Since g (resp. Adg) is regular if and only if dim ˙1Adg,
resp. dim ad˙1AAdg, is minimal, g is regular if and only if Adg is
regular.
(iii) If we have n = 1 in the second part of the proof of (i), we get
ad˙1Adg ⊆ ad˙1AAdg:
Now assume that adx ∈ ad˙1AAdg. Thus
adAdg − idx = AAdg − idadx = 0;
hence Adg − idx ∈ Ú. This implies Adg − id2x = 0. Since Adg is
semisimple, even Adg − idx must be equal to 0, hence g ∈ ZGx.
(iv) We have g ∈ ZGx if and only if x ∈ ˙1Adg. The correspond-
ing assertion is true for Adg. Thus we get the assertion by (iii).
(v) The dimension of ˙1Adg is equal to the dimension of
˙1Adgs.
3.3. Deninition. A Lie group is called exponential, if the exponential
function is surjective. It is called weakly exponential if the exponential image
of its Lie algebra is dense.
In [9] is proved the following (Theorem 3.5):
3.4. Theorem. Let G be a real splittable analytic subgroup of a GLn;.
Then the following conditions are equivalent:
(i) G is exponential.
(ii) For each nilpotent x ∈ ˙ and each semisimple gs ∈ ZGx there is
a semisimple xs ∈ Ú˙x such that gs = expxs.
(iii) For each nilpotent x ∈ ˙ the centralizer ZGx is weakly exponen-
tial.
Theorem 5.1 of [9] generalizes this result to covering groups of splittable
Lie groups. Our aim is now to proof a generalization which gives a result
independent of the special realization of the Lie group and its Lie algebra.
In fact, this result will be true for Mal’cev splittable Lie groups. There
is the following characterization of weakly exponential Lie groups whose
proof goes back to [3] and [7]:
3.5. Theorem. For a connected Lie group G the following statements are
equivalent:
(i) G = exp ˙.
(ii) If g is a regular element, then g is contained in exp ˙.
(iii) All Cartan subgroups are connected.
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With this theorem we can generalize Theorem 3.4.
3.6. Theorem. Let G be a real Mal’cev splittable Lie group. Then the
following conditions are equivalent:
(i) G is exponential.
(ii) For each ad-nilpotent x ∈ ˙ and each Ad-semisimple gs ∈ ZGx
there is an ad-semisimple element xs ∈ Ú˙x such that gs = expxs.
(iii) For each ad-nilpotent x ∈ ˙ the centralizer ZGx is weakly expo-
nential.
Proof. (i)⇒(ii): Let x ∈ ˙ be ad-nilpotent and gs ∈ ZGx Ad-
semisimple. Since G is exponential, there is a y ∈ ˙ such that gs expx =
exp y. Hence Adgsead x = ead y . Since ad˙ is splittable, we nd an
ad-semisimple ys and an ad-nilpotent yn such that adys + adyn is
the Jordan decomposition of ady. In particular, Adgs = ead ys and
ead x = ead yn , hence z x= yn − x ∈ Ú and x; yn = 0 by Lemma 3.1. Thus
gs = exp y exp−x = expys + yn expz − yn = expys + z. Furthermore,
ys + z; x = ys; yn − z = ys; yn = 0, thus ys + z ∈ Ú˙x. The latter one
is, in addition, ad-semisimple.
(ii)⇒(iii): We note that each nilpotent (semisimple) element in ad˙
is by denition an image of an ad-nilpotent (ad-semisimple) element in ˙.
The corresponding claim is true for groups. Let x be ad-nilpotent and gs ∈
ZGx be Ad-semisimple. Then Adgs ∈ ZAdGadx by Lemma 3.2 (iv).
By assumption, there is an ad-semisimple ys ∈ Ú˙x with gs = exp ys, hence
Adgs = exp adys, where adys is semisimple and adys ∈ Úad˙ad x.
Thus ZAdGadx is weakly exponential by Theorem 3.4, in particular all
elements being regular in ZAdGad x are contained in exp Úad˙ad x.
Since for each element g being regular in ZGx, Adg is regular in
ZAdGad x by Lemma 3.2 (ii), we can write g = z exp y, where z ∈ Z,
ady is semisimple, and ady; x = ady; adx = 0, i.e. y; x ∈ Ú.
Since y is ad-semisimple, we even have y ∈ Ú˙x. Now consider the Jor-
dan decomposition ady = adys + adyn. By Lemma 1.3, there are
ys; yn ∈ ˙ such that adys = adys, adyn = adyn, and ys; yn = 0.
Thus g = z exp ys exp yn. Since ead ynx = x, we get yn; x = 0 by Lemma 3.1.
Moreover, z exp ys is Ad-semisimple and regular in ZGx because the reg-
ularity only depends on the semisimple part of Adg by Lemma 3.2 (v).
In particular, there is a w ∈ Ú˙x with z exp ys = expw, which in ad-
dition is exp-regular in Ú˙x by Lemma 3.1. Thus, because of eadwyn =
Adz exp ysyn = yn and Lemma 3.1 we have w; yn = 0. Hence we have
g = expw exp yn = expw + yn, i.e., g ∈ exp Ú˙x. Thus ZGx is weakly
exponential.
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(iii)⇒(i): Since g ∈ ZGx is regular in ZGx if and only if Adg
is regular in ZAdGad x (Lemma 3.2) and g ∈ exp Ú˙x implies Adg ∈
exp Úad˙adx, the weakly exponentiality of ZGx for all ad-nilpotent el-
ements x ∈ ˙ implies the weakly exponentiality of the groups ZAdGad x.
Thus, AdG is exponential by Theorem 3.4. Hence, each g ∈ G is
equal to z expx for some x ∈ ˙ and z ∈ ker Ad = ZG. Since ad˙
is splittable, adx = adxs + adxn with xs; xn ∈ ˙, xs; xn = 0 and
adxs = adxs, adxn = adxn by Lemma 1.3. Moreover, there is a
v ∈ Ú such that x = xs + xn + v (again by Lemma 1.3). So we get g =
z expxs + v expxn, where z expxs + v ∈ ZGxn and Adz expxs + v =
Adexpxs is semisimple and adxn is nilpotent. Thus, z expxs + v is con-
tained in a Cartan subgroup of ZGxn by Proposition 2.5 of [9]. By assump-
tion, all the Cartan subgroups of ZGxn are connected, i.e., they are ex-
ponential. Hence z expxs ∈ exp Ú˙xn, i.e., there exists an ys ∈ Ú˙xn such
that z expxs + v = exp ys. This implies g = exp ys expxn = expys + xn,
hence G is exponential.
As far as I know, condition (iii) is equivalent to condition (i) in all in-
vestigated classes of Lie groups, but there is no proof of this in the general
case to date. The following example shows that the splittable hull of a linear
Lie group G might be exponential while G is not.




0@ a a b0 a c
0 0 0
1A a; b; c ∈ 
9=; :
Denote by G the complex analytic subgroup of GL3; corresponding to
˙. Then0@ 1 2pii 2pii0 1 1
0 0 1
1A = exp
0@ 2pii 2pii 00 2pii 0
0 0 0
1A · exp
0@ 0 0 00 0 1
0 0 0
1A
is an element of G. Assume that this element is in the image of the expo-
nential map. Then there are a; b; c ∈  with
exp
0@ a a b0 a c
0 0 0
1A =
0@ 1 2pii 2pii0 1 1
0 0 1
1A :
Now we compute the image of such a general element of ˙:
exp
0@ a a b0 a c
0 0 0
1A =










c = 0, which is a contradiction. So G is not exponential.
If, on the other hand, we consider the splittable hull, we get the group
EG =
8<:
0@ a d b0 a c
0 0 1
1A  a ∈ ×; b; c; d ∈ 
9=;
and the Lie algebra
¯˙ =
8<:
0@ x y z0 x w
0 0 0
1A  x; y; z;w ∈ 
9=; :
To establish the criterion for solvable exponential groups (Theorem 3.17
of [10]) we have to check whether the centralizers ZHx in a Cartan subal-
gebra H of each ad-nilpotent element x are connected. A Cartan subgroup
H of EG is equal to8<:
0@ a b 00 a 0
0 0 1
1A  a ∈ ×; b ∈ 
9=; :
The nilpotent elements of ˙ are the proper upper triangular matrices
x =
0@ 0 r s0 0 t
0 0 0
1A. Now let p ∈ ZHx. Thus we get at = t and as+ bt = s.
1. Case. If t 6= 0, then a = 1, hence, b = 0, which means that p = 1,
and, trivially, the centralizer is connected.
2. Case. If t = 0, then we have as = s. If s 6= 0, we get a = 1, but0@ 0 b 00 0 0
0 0 0
1A is in Ú¨x and a preimage of this p. If s = 0, then x ∈ ¨.
Since ¨ is abelian, ZHx is connected. Hence ZHx is connected for all
nilpotent elements, and EG is exponential.
REFERENCES
1. L. Auslander, and J. Brezin, Almost algebraic Lie algebras, J. Algebra 8 (1968), 295313.
2. N. Bourbaki, Groupes et algebres de Lie, Chapitre VII, Hermann, Paris, 1973.
3. K.H. Hofmann, A memo on the exponential function and regular points, Arch. Math.
Basel 59 (1992), 2437.
4. K.H. Hofmann, and W.A.F. Ruppert, Lie groups and Subsemigroups with Surjective Ex-
ponential Function, Mem. Amer. Math. Soc. 618 (1997).
splittable lie groups and algebras 215
5. I.A. Mal’cev, On solvable Lie algebras, Izv. Akad. Nauk SSSR Ser. Mat. 9 (1945), 329356
[English transl.: Amer. Math. Soc. Transl. (1) 9 (1962)].
6. K.-H. Neeb, On closedness and simply connectedness of adjoint and coadjoint orbits,
Man. Math. 82 (1994), 5165.
7. K.-H. Neeb, Weakly exponential Lie groups, J. Algebra 179 (1996), 331361.
8. M. Wu¨stner, On the surjectivity of the exponential function of complex algebraic, complex
semisimple, and complex splittable Lie groups, J. Algebra 184 (1996), 10821092.
9. M. Wu¨stner, On the exponential function of real splittable and real semisimple Lie groups,
B. Algebra Geom. 39 (1998), 3746.
10. M. Wu¨stner, On the surjectivity of the exponential function of solvable Lie groups,
Math. Nachr. 192 (1998), 255266.
